In this article we review recent progress in the understanding of multiband superconductivity and its relationship to odd-frequency pairing. We begin our discussion by reviewing the emergence of odd-frequency pairing in a simple two-band model, providing a brief pedagogical overview of the formalism. We then examine several examples of multiband superconducting systems in each case describing, both, the origin of the band degree of freedom and the nature of the odd-frequency pairing.
Introduction
It is well-established that the symmetries of a superconducting order parameter influence many of the physical properties of a superconductor [1] [2] [3] [4] [5] [6] [7] [8] , including robustness to impurities [1, 7] , Knight shift as measured by nuclear magnetic resonance [2, 3] , anisotropy in phasesensitive measurements [5] , and topological properties [8] . Within the standard BCS theory of superconductivity the order parameter, or mean field, usually denoted ∆, is given in terms of equal-time expectation values of the form ∆ ∼ 〈ψ(t )ψ(t )〉, which can be viewed as a manybody wavefunction describing pairs of electrons at the same time, t . Since electrons are fermions, this wavefunction must be antisymmetric under the simultaneous permutation of all quantum numbers describing the electrons, i.e. spin and position degrees of freedom, for single band superconductors. This implies that, for superconductors with a single relevant band, order parameters with even spatial parity (like s-or d-wave) must correspond to a spin-singlet configuration, while order parameters with odd spatial parity (p-or f -waves) must correspond to spin-triplet states.
A more accurate description of conventional superconductivity, however, starts with a retarded phononmediated interaction, described by Eliashberg theory [9] [10] [11] and its generalizations [12, 13] . In this formalism the superconducting mean field is related to time-ordered expectation values, ∆(t −t ′ ) ∼ 〈T ψ(t )ψ(t ′ )〉, and therefore necessarily depends on the relative time, t − t ′ , or, equivalently, the relative frequency, ω. As a consequence, we obtain a symmetry constraint for this time-ordered expectation value of Cooper pairs, also known as the pair correlator or anomalous Green's function. As Berezinskii showed in 1974 [14] , this allows for the possibility of odd-frequency (odd-ω) order parameters which possess the opposite relationship between the spatial parity and spin configurations, i.e. even-parity spin-triplet and oddparity spin-singlet. We stress that this does not imply the breaking of time-reversal symmetry, since odd-ω order parameters are simply odd functions of the relative time coordinate, while the time-reversal operation includes complex conjugation [15] [16] [17] . While Berezinskii's original proposal was made in the context of superfluid 3 He, later works generalized the possibility of odd-ω order parameters to superconductivity [18] [19] [20] [21] [22] [23] . However, since these original proposals, the thermodynamic stability of intrinsically odd-ω superconductors have been called into question [24] [25] [26] [27] [28] . Still, while the existence of such intrinsic odd-ω order parameters remains an intriguing theoretical question, a great deal of progress has been made studying the emergence of odd-ω pair correlations in systems with conventional equal-time order parameters [17, 29] . This latter possibility relies on the conversion of intrinsic even-ω superconducting correlations to odd-ω correlations, with a number of proposals in the literature realizing such symmetry conversion through a variety of different mechanisms [15, . The prototypical example is the superconductor-ferromagnet (SF) junction, in which numerous theoretical works have demonstrated that the breaking of spin-rotational symmetry can convert conventional s-wave spin-singlet Cooper pairs to odd-ω spin-triplet pairs [29] [30] [31] [32] [33] [34] [35] [36] . Furthermore, experiments on these junctions have observed multiple signatures of the odd-ω spin-triplet pair correlations [63] [64] [65] [66] [67] [68] [69] . Interestingly, it has also been demonstrated that oddparity odd-ω pairing can emerge at the interface between a conventional even-parity superconductor and a normal metal (SN junction) due to broken spatial translation symmetry [41, 42] . The magnitudes of the odd-ω correlations have been shown to dominate over the even-ω amplitudes at discrete energy levels coinciding exactly with peaks in the local density of states (LDOS) [42] , establishing a relationship between odd-ω pairing and McMillanRowell oscillations [70, 71] as well as midgap Andreev resonances [72] [73] [74] .
In this article we focus on several recent works exploring the intriguing possibility of realizing odd-ω pair correlations in multiband superconductors, without the need for magnetism or interfaces. In 2013 it was shown that odd-ω pairing should arise ubiquitously in such systems due to the presence of interband hybridization [50] . Since this interband hybridization is generally uniform throughout the bulk of a multiband superconductor, this establishes the existence of a class of systems that should host bulk odd-ω pairing. Since the original proposal, multiple additional works have built on this concept [15, 48, 49, 51-62, 75, 76] generalizing the original idea to related systems, focusing on specific physical examples, or studying the experimental consequences of odd-ω pairing in these multiband systems. With many known multiband superconductors with highly unconventional features, such as Sr 2 RuO 4 [77, 78] , iron-based superconductors [79] [80] [81] [82] [83] , MgB 2 [84] [85] [86] [87] [88] , and UPt 3 [89] [90] [91] [92] [93] it remains a very interesting question how much odd-ω superconductivity contributes to the physical properties of these and related systems.
It is important to note that the presence of additional band degrees of freedom in these multiband superconductors leads, not only to novel methods of inducing odd-ω pairing, but also to a broader classification scheme for the symmetry of the Cooper pairs. For a generic superconducting system with multiple bands crossing the Fermi level, we write the anomalous Green's function as the time-ordered expectation value: F (1, 2) = −〈T ψ σ 1 ,x 1 ,α 1 (t 1 )ψ σ 2 ,x 2 ,α 2 (t 2 )〉, where σ i , x i , α i , and t i represent the spin, positions, band, and time degrees of freedom. We emphasize that this band index has its origin in the electronic degrees of freedom of the superconductor and could stem from any of the indices characterizing the system, including the atomic orbital, sublattice, layer, dot, lead, or valley indices, as we discuss in Sec. 3.4. Accounting for the symmetry under the exchange of each of these pairs of indices we necessarily have F (1, 2) = −F (2, 1). This leads to eight possible symmetry classes [17, 49, 50, 53] , four even-ω and four odd-ω classes as seen in Table 1 .
In the remainder of this article we provide, in Sec. 2, a pedagogical overview of the emergence of odd-ω pairing in a simple two-band model due to interband hybridization, as well as a discussion of when we should expect to find odd-ω pairing in a generic superconducting system. Following the overview, we focus in Sec. 3 on specific proposals for realizing odd-ω pairing in wellknown multiband superconductors, and also in materials and systems possessing related active electronic degrees of freedom, such as layer, dot, lead or valley indices. In Sec. 4 we discuss proposed experimental signatures of odd-ω pairing in multiband superconductors. Finally, in Sec. 5 we conclude our discussion.
(c σ,α,k ) creates (annihilates) a fermionic quasiparticle with spin σ in band α and with momentum k, together with the definitions:
whereσ 0 andσ i =1,2,3 are the identity and Pauli matrices in spin space. Here ξ α,k is the energy dispersion of band α, Γ is a measure of the interband hybridization, and ∆ α,k is the superconducting order parameter in band α, here assumed for simplicity to be spin-singlet in nature, although it is trivial to extend the derivation to spin-triplet pairing. We note that this kind of interband hybridization, Γ, is intrinsic to a superconductor whenever there is a mismatch between the the quasiparticles of the normal state and the orbital character of the Cooper pairs or, alternatively, it can arise from scattering processes in the presence of disorder [50, 54, 56] . Hence, for generic multiband superconductors we expect it to be nonzero. To study the pair amplitudes associated with Eq. (1), it is convenient to define the Nambu-Gorkov Green's functions as follows [10, 11] :
where τ is imaginary time and T τ is the τ-ordering operator. With these definitions, it is straightforward to derive the following equations of motion:
where we have Fourier-transformed the Green's functions from imaginary time, τ, to Matsubara frequency, i ω n , and 1 is the 8×8 identity matrix in band × spin × particle-hole space. For simplicity, we assume timereversal symmetry such that ξ α,−k = ξ α,k and for the moment we also set Γ = Γ * .
After some straightforward algebra we find that the anomalous Green's function,F , is given by:
where we define:
From Eq. (6) we directly see that the pair amplitude's spin structure is given by iσ 2 , therefore the spin-singlet nature of the Cooper pairs remains completely unaffected by the presence of the interband hybridization.
Inspecting the intraband pairing, given by the diagonal elements of the matrix in Eq. (6), we find all amplitudes being even in Matsubara frequency and spatial parity, corresponding to pair amplitudes in the first column of Table 1 . However, turning our attention to the interband pairing, given by the off-diagonal elements of the matrix in Eq. (6), we find that these pair amplitudes have both even-and odd-ω terms. Notably, we see that the even-ω amplitude is also even in the band index, and, thus, also belongs to the symmetry class in column 1 of Table 1 , while the odd-ω amplitude is odd in the band index and, thus, belongs to the symmetry class in column 7
Copyright line will be provided by the publisher of Table 1 . As a consequence, for this model, all pair amplitudes that are even in the band index are also even in frequency while the odd-band pairing is entirely odd-ω [50, 54, 56] . This complete reciprocity between frequency and band parity also holds for more complicated models as long as the order parameter appearing in the Hamiltonian is even in the band index and no other symmetries are broken.
If we relax the assumption that the interband hybridization is real, instead setting Γ = |Γ|e i φ , we find that the odd-ω pair amplitude is given by [53] :
whereρ 2 is a Pauli matrix in band space and D ′ k,i ω n is still an even function of k and i ω n . From Eq. (8) we see that, when φ = 0 (real Γ) the odd-ω pairing in this twoband model is proportional to i ω n Γ ∆ 1,k − ∆ 2,k , and is therefore non-zero whenever there is both interband hybridization, Γ = 0, and a difference between the two gaps, ∆ 1,k − ∆ 2,k = 0, which is usually the case in multiband superconductors. When φ = π 2 (imaginary Γ) the odd-ω pairing is instead proportional to i ω n Γ ∆ 1,k + ∆ 2,k and is therefore non-zero as long as Γ = 0 and ∆ 1,k = −∆ 2,k . Between these two extremes we find a non-zero odd-ω interband pair amplitude regardless of the values of the two gaps, as long as there is finite interband hybridization. Moreover, given that this kind of interband hybridization should be present in most multiband superconductors, we expect odd-ω pairing to be ubiquitous in multiband superconductors [50, 54, 56] .
Generalization to Arbitrary Hamiltonians
To understand how the results for the simple two-band model generalize to more complicated models, it is instructive to consider a generic model:
where the indices n, m label all degrees of freedom for the quasiparticles, including: spin, position, band/orbital, sublattice, etc. It is easy to see that the Hamiltonian in Eq.
(1) is a particular example of a Hamiltonian of this form. Moreover, any Hermitian Hamiltonian with a BCSlike order parameter may be written in this form.
To examine the pair amplitudes for the Hamiltonian in Eq. (9) we use Green's functions which are merely generalized versions of Eqs. (4), using the anomalous Green's function F nm (τ) = −〈T τ c n (τ)c m (0)〉. It is straightforward to write down the equations of motion for these Green's functions as a generalized version of Eq. (5), from which we find thatF is given by:
Here, theˆ-symbol denotes matrices with indices n,m running over all quantum numbers describing the quasiparticles, including position, spin, and any band or similar degrees of freedom. From Eq. (10) we see that, in general, this matrix should possess both even-ω and odd-ω terms, with the details depending on the precise form of the Hamiltonian. Further insight can be gained by expanding the right-hand-side to leading order in∆, in which case we find linearized expressions for both the even-and odd-ω pair amplitudes:
where we define ĥ ,∆ * ≡ĥ∆ −∆ĥ * .
Clearly, when ĥ ,∆ * vanishes, the system has only even-ω pairing, given by − ω . Thus the condition for the emergence of odd-ω pairing, in a general mean field theory, is given by:
For the simple two-band model in Eq. (3) this condition is clearly satisfied because∆ andĥ are proportional to different 2 × 2 Pauli matrices in band-space, but Eq. (12) is much more general. In particular, the connection between the structures of∆ andĥ and the emergence of odd-ω pairing applies to superconductors with any number of bands or other internal electronic degrees of freedom. For example, ifĥ describes a generic real-space tight-binding Hamiltonian then, if∆ is an inhomogeneous on-site order parameter, then the inequality in Eq. (12) is generically satisfied and we expect to find odd-ω pairing. Note that this is entirely consistent with previous results studying the emergence of odd-ω pairing in inhomogeneous systems, including at SN interfaces [38, 41-43, 62, 94] . In contrast, if∆ is a spatially homogeneous on-site order parameter andĥ is trivial in spin space and has only real elements, no odd-ω pairing is possible.
If the system under consideration is translation invariant we can Fourier-transform from real-space to momentum space and we find the following condition for odd-ω pairing:
This condition is in fact identical to a measure of "superconducting fitness" recently discussed by Ramires and Sigrist [95] . In that work, it was demonstrated that whenever this quantity is non-zero there is a reduction in the critical temperature. The authors, therefore, concluded that superconducting fitness can be a tool in the search for order parameters that are expected to be more thermodynamically stable [95] . It is here interesting to note that, just one year prior to the publication of Ref. [95] , a work by Asano and Sasaki [53] concluded that the emergence of odd-ω pairing in two-band superconductors is linked to a suppression of the critical temperature. Given the general nature of the results by Ramires and Sigrist, together with the results presented in this section, we conclude that the assertions of Asano and Sasaki are likely to hold in general, i.e. the emergence of odd-ω pairing appears to cause a suppression of the superconducting critical temperature. It is here important to note that, even though the presence of odd-ω pairing is associated with a suppressed critical temperature, such a state can still easily be the most thermodynamically favored as that depends crucially on the form of the interaction and the normal state Hamiltonian. In the next section we discuss several examples of real systems believed to host exactly this kind of odd-ω pairing.
Examples of Multiband Odd-frequency Pairing
Having derived the general criteria for odd-ω superconductivity to appear in multiband systems, we now discuss real examples of multiband superconductors in which odd-ω pairing has been predicted to emerge. We begin by covering examples in which band degrees of freedom are intrinsic to the superconductor, arising from either different atomic orbitals or a sublattice index, forming what would properly be known as a multiband superconductor. We then discuss superconducting systems in which the additional electronic degrees of freedom are not strictly speaking band indices but have their origin in some other aspect of the system, considering the cases of two-dimensional (2D) bilayers, onedimensional (1D) nanowires, zero-dimensional (0D) quantum dots, superconducting leads in Josephson junctions, and isolated valleys in momentum space.
Sr 2 RuO 4
In this subsection we discuss the emergence of odd-ω pairing in the multiband superconductor Sr 2 RuO 4 , which was recently examined by Komendová and BlackSchaffer [56] . While it possesses a fairly low critical temperature, T c ≈ 1K, the superconducting phase of Sr 2 RuO 4 has attracted a great deal of attention since its discovery in 1994 [77] due to its highly unusual properties. Both Knight shift and neutron scattering measurements have indicated the possibility of spin-triplet pairing [96] [97] [98] . Additionally, it has been observed that the superconducting phase exhibits spontaneous time-reversal symmetry breaking using muon spin-relaxation measurements [99, 100] , as well as measurements of the Kerr effect [101] . Taken together, these heavily imply a chiral p-wave order parameter. However, measurements of the specific heat [102] [103] [104] are more consistent with a nodal gap structure. Furthermore, recent NMR studies revisiting the Knight shift have found evidence more consistent with spin-singlet pairing [105] . The lack of consistency between these complementary studies continues to make Sr 2 RuO 4 both an interesting and hotly debated superconductor.
While the superconducting state of Sr 2 RuO 4 is controversial, the normal state properties are now quite well-understood with experiments [106, 107] and theory [108, 109] converging on the same picture of three quasi-2DFermi sheets, with contributions primarily from the ruthenium d x y , d xz , and d y z orbitals. Therefore, to capture the relevant physics of Sr 2 RuO 4 a three-orbital Hamiltonian, similar to Eq. (1), can be employed, with normal state Hamiltonian,ĥ, and order parameter,∆, given by:
where the k-dependence of the matrix elements has been suppressed for brevity and where the indices 1, 2, and 3 correspond to the ruthenium d x y , d xz , and d y z orbitals, respectively. Here, it is assumed that the order parameter is either spin-singlet or mixed spin-triplet [56] . Before assuming precise values for the tight-binding model in Eq. (14) , two special cases were considered analytically in Ref. [56] . For the first case, the order parameter was assumed to be completely diagonal in the orbital Copyright line will be provided by the publisher basis,∆ = diag (∆ 1 , ∆ 2 , ∆ 3 ), and the interorbital terms inĥ were all assumed to be equal, ǫ i j = Γ. The analytic expressions for the pair amplitudes were examined [56] and it was found that the odd-ω pairing is present as long as at least two of the gaps are different, ∆ i = ∆ j for some i = j . For the second case, the hybridization was assumed to only occur between the d xz , and d y z orbitals, so that: ǫ 12 = ǫ 13 = 0 and ∆ 12 = ∆ 13 = 0, which is often used as as simplification. In this case, two separate contributions to the odd-ω pair amplitudes were found, one proportional to the interorbital component of the order parameter, ∼ ∆ 23 (ξ 3 − ξ 2 ), and one proportional to the interorbital hybridization, ∼ ǫ 23 (∆ 3 − ∆ 2 ). It is straightforward to confirm that these same conditions can be obtained from the criterion in Eq. (13).
Focusing specifically on parameters which faithfully reproduce the three bands of Sr 2 RuO 4 , γ, α, and β, Ref. [56] also provided a numerical evaluation of all evenand odd-ω components of the anomalous Green's functions. In this calculation, the γ band was assumed to have contributions only from orbital 1 (d x y ) while the α and β bands emerge from hybridization between orbital 2 and orbital 3 (d xz and d y z ). Each of these channels was summed over the positive Matsubara frequencies and plotted over the first Brillouin zone, with the result presented in Fig. 1 , which is adapted from Ref. [56] . From these color plots we see that both the even-and odd-ω interorbital pair amplitudes, F even and F odd , possess all of their weight along the same bands as F 22 and F 33 , α and β. Additionally, the phases associated with F even and F odd undergo a full 2π rotation around the Γ point, consistent with the assumed chiral p-wave order parameter. However, from the analytic criteria discussed in the previous paragraph, we see that assuming another order parameter will not change the results significantly. This confirms that, regardless of the precise symmetry of the order parameter in Sr 2 RuO 4 , it is likely to host odd-ω interband pairing due to interband hybridization.
UPt 3
Next we discuss a recent work demonstrating the emergence of odd-ω pairing in the heavy-fermion superconductor UPt 3 [59] . In addition to possessing multiple relevant bands at the Fermi level, UPt 3 is a truly unconventional superconductor, exhibiting two zero-field superconducting phases, the A phase and the B phase, with critical temperatures T c,+ ≈ 550 mK and T c,− ≈ 500 mK [89, 91] , respectively. Additionally, a third phase, the C phase, emerges at high magnetic field [90] . Knight shift observations point to a spin-triplet superconducting order parameter [110] . Josephson interferometry has revealed the presence of line nodes in the A phase [93] , as well as the onset of a complex order parameter in the B phase [92, 93] . Moreover, recent measurements of the Kerr effect have demonstrated time-reversal symmetry breaking in the B phase, consistent with a complex order parameter [111] .
To capture the essential features of the Fermi surfaces appearing at either the Γ-point or the A-point in UPt 3 the following normal state tight-binding Hamiltonian has recently been employed [112] [113] [114] :
written in the basis described by
, c † k2↑
where c † kmσ creates a fermionic quasiparticle with crystal momentum k, on sublattice m = {1, 2}, and with spin σ = {↑, ↓}. Here, ξ k is an even function of k describing the intra-sublattice hopping, ǫ k is a complex-valued intersublattice hopping term, and the function g k is odd in k and describes the spin-orbit coupling. In Eq. (15) we note that, in contrast to Sr 2 RuO 4 whose multiband character has its origin in the atomic orbitals of the Ru atoms, the multiple bands within this model have their origin in the sublattice degree of freedom with contributions coming from only a single itinerant 5 f orbital of the uranium atoms.
The superconducting order parameter in UPt 3 is widely believed to belong to the E 2u irreducible representation with spin-triplet m z = 0 pairing [91, 112, 115] . Following recent work explicitly accounting for the symmetries of the lattice [112] , the order parameter is given by a linear combination of d-wave and f -wave basis functions:
whereσ i andρ i are Pauli matrices in spin and sublattice space, respectively,
, and η i are complex numbers parameterizing the phase diagram [91, 112, 115, 116] . Notice the unusual combination of spin-triplet f -wave terms being odd in spatial parity and spin-triplet d-wave terms being even in parity. This combination is caused by the nonsymmorphic lattice symmetry [112] . Note that these terms still satisfy the constraints imposed by FermiDirac statistics on the Cooper pairs since the f -wave terms are even in the sublattice index while the d-wave terms are odd in the sublattice index, belonging to the (16) , the symmetries of the anomalous Green's function were explored in Ref. [59] , using the same conventions as in Sec. 2.2. In that analysis UPt 3 was found to exhibit a plethora of pairing channels, both even and odd in frequency. More specifically, four different kinds of odd-ω pair amplitudes were found, with the general form [59] :
From the matrix structure in Eq. (17) we see that the intrasublattice spin-triplet amplitude, ψ 1 , corresponds to the symmetry class in column 5 of Table 1 , while the intrasublattice spin-singlet amplitude, ψ 2 , and the even intersublattice spin-singlet amplitude, ψ 3 , both correspond to the symmetry class in column 6. Finally, the odd intersublattice spin-singlet amplitude, ψ 4 , belongs to the symmetry class in column 7. In terms of the physical parameters, the presence of a finite inter-sublattice term, ǫ k = 0, gives rise to the odd-ω intra-sublattice term ψ 1 , despite the fact that the initial order parameter in Eq. (16) is entirely in the inter-sublattice channels. Moreover, the addition of spin-orbit coupling, g k , gives rise to multiple odd-ω spin-singlet inter-sublattice pair amplitudes, one of which is sublattice odd, ψ 3 , and the other sublattice even, ψ 4 . Finally, the combination of both spin-orbit coupling and inter-sublattice hybridization leads to the odd-ω intra-sublattice spin-singlet term, ψ 2 .
Buckled Honeycomb Materials
In this subsection we discuss the emergence of odd-ω pairing in buckled 2D honeycomb lattices with proximityinduced superconductivity, investigated in Refs. [15, 50] . It is well-known that 2D honeycomb lattices are composed of two triangular sublattices [117] . This sublattice degree of freedom gives rise to two bands near the Fermi level, similar in spirit to the multiband nature of UPt 3 discussed in the previous subsection. But more remarkable in honeycomb materials is that the intersublattice hybridization is especially prominent, since the dominating nearest neighbor hopping necessarily couple the two sublattices. This band structure is realized in many of the known 2D materials, including graphene [117] [118] [119] , silicene [120] , germanene [121, 122] , and stanene [123] . While the two sublattices in graphene are symmetric and lie in the same plane, in silicene, germanene, and stanene, the structures are naturally buckled, so that the two sublattices are staggered. Therefore, in the latter three materials an asymmetry between the two sublattices can be induced and controlled simply by applying a gate voltage perpendicular to the layer. Such an asymCopyright line will be provided by the publisher metry between the sublattices has been shown to directly lead to odd-ω pairing in these materials [50] , in complete analogy with the results in Sec. 2.1. Another interesting aspect of buckled honeycomb materials is that a sublattice asymmetry has also been shown to appear in finitewidth nanoribbons due to the presence of sample edges [15] .
More specifically, in Ref. [15] , the authors start by describing the normal state of a buckled honeycomb system with possibly finite spin-orbit coupling, using the Kane-Mele Hamiltonian in real space [124, 125] :
where c † i σ (c i σ ) creates (annihilates) as fermionic quasiparticle at site i with spin σ, 〈i , j 〉 sums over nearestneighbor (NN) sites, i , j , of the honeycomb lattice, 〈〈i , j 〉〉 sums over next-nearest-neighbor (NNN) sites. Here, t represents the NN hopping parameter and λ SO is the spin-orbit coupling due to NNN hopping, where ν i j = ±1 depending on whether the vector from site i to j is oriented clockwise or counterclockwise around the hexagonal plaquette [124] . The possibility of gating, is captured by a sublattice-dependent chemical potential µ i = µ + ζ i λ V , where µ is the chemical potential in the absence of any applied voltage, λ V is proportional to the applied voltage, and ζ i = ±1 depending on whether i belongs to sublattice A or B.
At finite doping, the normal state described by Eq. (18) possesses a large enough electronic density of states for bulk superconductivity to be induced by proximity effect. In this limit, the bulk pair amplitudes have been studied by transforming the above model to momentum space and assuming a k-independent s-wave order parameter, as appropriate for proximity effect from a conventional superconductor [15] . The resulting Hamiltonian possesses a similar form to the two-band model in Eq. (1) but with a momentum-dependent interband hybridization term and non-trivial spin structure parameterized by λ SO . Solving for the anomalous Green's function, odd-ω pairing in all four odd-ω symmetry classes in Table 1 are possible in this system, although the authors of Ref. [15] did not mention the pair amplitudes belonging to columns 5 and 6 in their discussion. In particular, odd-ω spin-singlet pair amplitudes are present whenever there is an asymmetry between the order parameters on the different sublattices, i.e. ∆ A = ∆ B , with both even-and odd-sublattice contributions due to the momentum-dependent intersublattice NN hopping. The required order parameter sublattice difference is present when λ V = 0 and thus odd-ω pairing is controlled by gating [15] . Moreover, odd-ω spin-triplet pairing is present due to a finite spin-orbit coupling, λ SO = 0.
As is well-known, for λ V < λ SO the Kane-Mele Hamiltonian in Eq. (18) describes a topological insulator with a bulk band gap and conducting edge modes. Ref. [15] also studied this phase by considering nanoribbons with both zigzag (ZZ) and armchair (AC) terminations in the low doping reigme. In this case, superconductivity vanishes throughout the bulk, but a finite ∆ i was obtained using a self-consistent algorithm for each site along the edges [15] . However, in contrast to the translation-invariant case, the magnitudes of all pair amplitudes in these cases are largest in the absence of λ V . Still, odd-ω pairing appear in these ribbons due to an inherent asymmetry between the two sublattices at the edges. In the case of the ZZ termination, the A and B sublattices are clearly different at the edge, since one sublattice has only two NNs while the other retains three. For AC termination, the situation is a bit more subtle as the two sublattices are equivalent, but an asymmetry exists between every other pair of sublattices. The latter induces a gradient of the order parameter along the edge, which is also known to induce odd-ω pairing in topological insulators [38] .
Other Analogous Systems
One common aspect of the previously discussed examples is that, odd-ω pairing emerges from the hybridization of a discrete set of multiple bands. These multiple bands offer an expansion of the set of allowed Cooper pair symmetries, as illustrated in Table 1 , and have their origin in either the atomic orbitals associated with individual lattice sites of a bulk crystal or the sublattice structure defining the crystal's unit cell. However, there are other ways to obtain similar discrete sets of multiple "bands" in superconducting systems, as we now discuss.
One proposal by Parhizgar and Black-Schaffer [52] involves the use of 2D bilayer systems proximity-coupled to conventional superconductors, In this case the layer index provides a band-like degree of freedom analogous to the preceding examples. Such 2D bilayer systems include, bilayer graphene [117, [126] [127] [128] , bilayer transition metal dichalcogenides [129, 130] , other layered Van der Waals heterostructures [131, 132] , as well as topological insulator thin films [133] [134] [135] . These kinds of layered systems have uniquely tunable electronic properties due to the variety of 2D systems available, as well as the ability to control their electronic properties through gating and introducing a relative twist angle between the layers [136] [137] [138] [139] . As shown in Ref. [52] when a generic bilayer 2D system is proximity coupled to a conventional s-wave spin-singlet superconducting substrate, the layer closest to the substrate necessarily obtains a larger superconducting gap, thus directly producing a layer asymmetry. Further, when examining the symmetries of the anomalous Green's function, a rich variety of allowed symmetries were found, including both even-and odd-ω interlayer pairing. Moreover it was determined that within these models there is a complete reciprocity between the layer symmetry and the frequency symmetry: all odd-layer amplitudes are odd-ω, all even-layer amplitudes are even-ω [52] , in complete analogy with results for two-band superconductors [50] .
Another set of proposals rely on double-quantum dots coupled to superconductors [51, 55] . In this case the dot index acts as an effective band index and interdot coupling can thus induce odd-ω pairing. The first proposal by Sothmann and collaborators [51] utilized two quantum dots proximitized by a conventional s-wave superconductor, in the presence of both interdot tunneling and an external magnetic field. They demonstrated a variety of possible odd-ω pair amplitudes in these systems, both spin-singlet and spin-triplet, and tunable using either the externally applied magnetic field, a difference in on-site energy levels, or an asymmetry in coupling between normal and superconducting leads [51] . This possibility was explored further by Burset and colleagues [55] in the absence of a magnetic field. In this case, they were able to find spin-triplet pairing by coupling the two dots to a spin-triplet superconductor. Both studies also explored tunable signatures of the odd-ω pairing observable in transport between superconducting or normal leads [51, 55] .
In a similar spirit to the proposals involving double quantum dots, odd-ω pairing has also been proposed in double nanowires coupled to a superconducting substrate [62, 75] . In these cases, the nanowire index acts as an effective band. In a work by Ebisu et al. [75] , an effective model was used to describe two nanowires with Rashba spin-orbit coupling in the presence of both intrawire and interwire superconducting mean fields. It was found that, for generic parameters, odd-ω pairing is present in these systems, and that it is strongly enhanced when the system is tuned into the topological regime, where interwire pairing dominates. In a later work, Triola and Black-Schaffer [62] studied a similar setup but explicitly considered the two nanowires coupled to a 2D superconductor and studied the emergent pair amplitudes of this system as a whole. In particular, they found that, in agreement with previous work, odd-ω interwire pairing is generically induced by coupling the two wires to the superconductor. Moreover, the authors showed that the presence of the nanowires also profoundly affect the pair symmetries of the superconducting substrate, leading to measurable signatures in local observables [62] .
Odd-ω pairing has also been explored in conventional Josephson junctions [17, 76] , in which the two weakly-coupled superconducting leads naturally provides a lead index, playing the role of bands. Interestingly, it was found that, in general, Josephson junctions should possess odd-ω interlead pairing proportional to sin φ 2 , where φ is the phase difference across the junction. Comparing this condition to the well-known formula for the Josephson current, it was concluded that whenever Josephson current is expected to flow across the junction odd-ω interlead pairing will also be present.
The above examples involving bilayers, double quantum dots, double nanowires, and Josephson junctions, all utilize spatial separation to obtain an additional index akin to the band index, but it is also possible to obtain such an index using a separation in reciprocal space. In particular, the transition metal dichalcogenides (TMDs) may be described by an effective model governing the physics of separate points in the Brillouin zone, so-called valleys. In these systems, the valley index can thus behave like an effective band degree. Using a low-energy effective model to describe the two k-space valleys of a single layer of TMD proximity-coupled to an s-wave superconductor with Rashba spin-orbit coupling, Ref. [48] found that the combination of valley-dependent spinorbit coupling, intrinsic to the monolayer TMD, and the Rashba spin-orbit term at the TMD-superconductor interface necessarily leads to an odd-ω intervalley pair amplitude.
Experimental Signatures
Having shown how odd-ω superconductivity is ubiquitous in many superconducting systems, we now present several experimental signatures that have been proposed to measure the odd-ω pairing. Due to its intrinsically dynamical nature, with a zero equal-time amplitude, odd-ω pairing has proven to be notoriously hard to probe directly, still, as seen below, there are a growing number of known signatures of odd-ω pairing in multiband superconductors.
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Hybridization Gaps
Shortly after the initial theoretical proposal for the emergence of odd-ω pairing in the two-band model defined in Eq. (1) [50] it was observed that the emergence of interband odd-ω pairing can be correlated with measurable signatures in the density of states (DOS) [54] . In Ref. [54] the simple two-band Hamiltonian, Eq. (1), was considered and the DOS was computed to search for features correlated with the emergence of odd-ω pairing. In addition to the total DOS, the separate contributions to the DOS coming from bands 1 and 2, N 1 and N 2 , were examined to highlight the features which are strictly intraband and those which obtain contributions from both.
Computing the DOS in this manner, it was found that, as expected, in the presence of two different gaps ∆ 1 = ∆ 2 , and in the absence of interband hybridization, Γ = 0, the DOS is simply a superposition of the DOS of two superconductor with coherence peaks at E = ±∆ 1 and E = ±∆ 2 , respectively, see Fig. 2(a) . However, for any finite value of Γ additional gaps, and associated coherence peaks, were found to appear at energies away from the two gaps at the Fermi level, Figs. 2(b)-(d) . These hybridization-induced gaps arise due to avoided crossings in the quasiparticle dispersion at the energies where the bands E 1 = ξ 2 1 + |∆ 1 | 2 and E 2 = ξ 2 2 + |∆ 2 | 2 meet. Solving for these crossing points, it can be shown that, in general, there could be two avoided crossings at different positive energies. However, assuming the initial quasiparticle bands do not intersect, i.e. ξ 1,k = ξ 2,k for any k, then only one of these is a true avoided crossing. For quadratic dispersions with effective masses m i and chemical potentials µ i , this condition will be true as long as (µ 1 −µ 2 )/(m 1 −m 2 ) > 0. In this case, one can show that hybridization gaps will emerge if and only if Γ = 0 and ∆ 1 = ∆ 2 , which are exactly the same as the conditions for odd-ω interband pairing [54] .
While, hybridization gaps are a robust and simple probe of odd-ω pairing in the kind of two band model considered in Ref. [54] , they do not emerge in all models for multiband superconductors with odd-ω pairing, since their emergence requires that the Bogoliubov bands intersect, in the absence of interband hybridization. For example, in the case of UPt 3 , the hybridization term, ǫ k , induces odd-ω pair amplitudes; however, from the Hamiltonian in Eq. (15) no avoided crossings emerge due to ǫ k , because, in the absence of spin-orbit coupling (g = 0) the bands are degenerate for ǫ k = 0 [59] . Furthermore, it can also be shown that neither Sr 2 RuO 4 [56] nor the buckled honeycomb lattice [15] possess these hybridization gaps for similar reasons. Thus, it is necessary to also study alternative experimental signatures of odd-ω pairing in multiband superconductors.
Paramagnetic Meissner Effect
One of the defining properties of superconducting states is their response to magnetic fields. As was first discovered by Meissner and Ochsenfeld [140] , superconductors exhibit perfect diamagnetism, referred to as the Meissner effect, in which magnetic flux is completely expelled from the bulk of a superconductor [10, 141] . In contrast to these classic results, it has been established by numerous theoretical works that odd-ω pairing often attracts magnetic flux, in a phenomenon termed the paramagnetic Meissner effect [28, 53, [142] [143] [144] [145] to contrast with the usual diamagnetic Meissner effect. Such a paramagnetic response has been observed experimentally in magneticsuperconductor junctions using µSR, demonstrating that long-lived odd-ω pair amplitudes dominate deep within the magnetic bulk [69] .
In Ref. [53] the magnetic response was studied using a two-band model similar to the one in Eq. (3), but with normal Hamiltonian possessing two kinds of interband hybridization, one spin-independent hybridization similar to Γ, and a spin-dependent hybridization with components given by −L × k · σ, where L describes the spin-orbit coupling in the system. The authors also considered three different types of order parameters: (i) spin-singlet even-parity intraband, (ii) spin-singlet evenparity even-interband, and (iii) spin-triplet even-parity odd-interband order. In each of these three cases it was found that odd-ω pairing can be induced by some asymmetry between the two bands, but the particular asymmetry and the properties of the induced odd-ω pairing were found to be different in each of case [53] .
For the model in Ref. [53] the current density, j, can be related to a uniform applied magnetic field, A, with linear response theory:
where K is the Meissner kernel, which can be written in terms of the Nambu-Gorkov Green's functions:Ĝ,F , and F . Furthermore, assuming equal masses m 1 = m 2 = m and chemical potentials µ 1 = µ 2 = µ for the two bands, the contribution to the Meissner kernel, K , takes on a relatively simple form:
where e is the charge of the electron, c the speed of light, T the temperature, and V vol is the volume of the system in d dimensions. Using Eq. (20), the authors examined the contributions to the Meissner effect coming from of each of the different superconducting pair channels. For case (i), and focusing on the simple case of L = 0 and Γ = 0, only evenparity spin singlet pairing can emerge. Here, since only spin-singlet and even-parity pairing are induced, we find thatF (k; i ω n ) = −F (k; i ω n ) * and:
where the odd-ω pair amplitude is necessarily given by the coefficient proportional toρ 2 (second Pauli matrix in band space), since that is the only possibility consistent with the symmetry constraints given by Fermi-Dirac statistics. From Eqs. (20) and (21) it is easy to see that
where all of the terms are strictly positive except for the contribution from the odd-ω pairing. This explicitly demonstrates that, in this case, odd-ω pairing always contributes paramagnetically to the Meissner kernel, thus countering the flux repulsion due to the conventional even-ω Cooper pairs. The authors went on to show that this pattern holds for all of the even-ω and odd-ω pair amplitudes in the three of the cases described above, demonstrating that, in a generic two-band model, all even-ω Cooper pairs exhibit diamagnetism while all odd-ω pairs exhibit paramagnetism [53] . Their analysis thus establishes the paramagnetic Meissner effect as a direct probe of odd-ω pairing in multiband systems. However, since both even-and odd-ω pair amplitudes are usually present and only the total Meissner response can be measured, isolation of the paramagnetic contributions may be challenging.
Kerr Effect
It has long been known that when polarized light is reflected from the surface of a magnetic material, the polarization of the reflected light can be shifted by an angle θ K relative to the incident beam. This phenomenon, known as the Kerr effect, gives a direct probe of the breaking of time-reversal symmetry in magnetic materials. In recent years, the Kerr effect has also been applied to study time-reversal symmetry breaking (TRSB) order parameters in superconductors, in the absence of magnetism [101, 111] . However, it was later established that multiband mechanisms are also necessary to observe the Kerr effect in clean superconductors even if the order parameter breaks TRSB [114, 146, 147] . When applied to realistic tight-binding models, these calculations appear to match observations of the Kerr effect in both Sr 2 RuO 4 [146] [147] [148] [149] and UPt 3 [114] . In particular, Taylor and Kallin [146] studied the Kerr angle using a two-band model to describe superconducting Sr 2 RuO 4 . This model has the exact same form as Eq. (1) but with a real-valued momentum-dependent interband hybridization, Γ k , and an order parameter that has both intraband components, ∆ 1 and ∆ 2 , and an interband component ∆ 12 . Using this model, they demonstrated that a necessary condition for the observation of a finite Kerr angle is:
where we have suppressed the k-dependence on the lefthand side for brevity. This implies that, in addition to a TRSB order parameter, either interband hybridization or a complex interband order parameter are essential for the observation of the Kerr effect in a clean two-band superconductor without magnetism. In Ref. [56] , the criterion for a finite Kerr effect, Eq. (23), was compared to the conditions for odd-ω pairing in that same model. There, it was demonstrated that whenever there is a finite Kerr effect, there will be odd-ω pairing in the system. The only possible exception was for the case in which ξ 1 = ξ 2 and ∆ 1 = ∆ 2 ; however, this would be incredibly unlikely. The same conclusion, that a finite Kerr effect signals the existence of odd-ω pairing, was also found to hold for a more realistic three-band model of Sr 2 RuO 4 [148, 149] . These results were later extended to UPt 3 [59, 114] demonstrating that the conditions giving rise to the Kerr effect are generically accompanied by odd-ω pairing. Taken together, these results solidify the status of the Kerr effect as a probe of odd-ω pairing in multiband superconductors with TRSB order parameters and strongly support the premise that both Sr 2 RuO 4 and UPt 3 , host odd-ω pairing. It is worth noting, however, that while these results show that the Kerr effect measures odd-ω pairing, it is possible to have odd-ω paring without exhibiting a Kerr effect, since the Kerr effect requires TRSB, which is only present in a few odd-ω multiband superconductors. Therefore, the lack of a finite Kerr angle is not evidence for the absence of odd-ω pairing.
Conclusions
In this article we have reviewed recent work on the possibility of odd-ω pairing in multiband superconductors. After a brief pedagogical examination of the emergence of odd-ω pairing in a simple two-band model we extended the formalism to derive a general criterion for the emergence of odd-ω pairing in any superconductor with an equal-time BCS order parameter, ∆, and normal state Hamiltonian, h, given in Eq. (12): h∆ − ∆h * = 0.
We noted that this condition is identical to a recently proposed measure of superconducting fitness which has been shown to suppress the superconducting critical temperature [95] .
We then discussed several previous works in which multiband superconductors are predicted to host odd-ω pairing. In particular, we focused on Sr 2 RuO 4 [56] , UPt 3 [59] , and buckled honeycomb lattices [15] . In addition to these examples we also discussed several similar systems which have been predicted to host odd-ω pairing due to a band-like degree of freedom. These systems included proximitized bilayers [52] , double quantum dots [51, 55] , double nanowires [62, 75] , Josephson junctions [17, 76] , and monolayer transition metal dichalcogenides [48] .
After discussing examples of systems which are predicted to host odd-ω pairing, we reviewed three different experimental probes which are relevant for odd-ω pairing in multiband systems: hybridization-induced gaps in the electronic density of states [54] ; paramagnetic Meissner effect [53] ; and Kerr effect [56, 59] . Each observable was found to have both distinct advantages and disadvantages. Hybridization-induced gaps always accompany odd-ω interband pairing in certain two-band models, thus providing a robust signature of odd-ω pairing. However, these gaps only appear when the Bogoliubov band structure exhibits specific avoided crossings and are therefore not observable in all multiband superconductors. A paramagnetic Meissner signal is a robust signature of odd-ω pairing, as it does not depend sensitively on the band structure. However, since even-ω pairing is expected to coexist with the odd-ω amplitudes, the net magnetic response is likely to be diamagnetic in generic multiband superconductors. Finally, a finite Kerr effect always signals odd-ω pairing, but only exists in superconductors which break time-reversal symmetry, which is not true for all odd-ω states.
To conclude, the ubiquity of odd-ω superconductivity has been shown in a wide variety of superconducting materials and systems, ranging from traditional multiband superconductors, to systems where other electronic degrees fo freedom provide an effective band index, including systems with layer, dot, wire, lead, and valley indices. Most importantly, as we demonstrated, the basic principles leading to the emergence of odd-ω pairing in all of these diverse superconducting systems can be understood from a simple unifying criterion. Additionally, these odd-ω pair amplitudes have been demonstrated to play multiple roles in determining the properties of these systems. Considering the generality of these phenomena, we believe that many more systems are likely awaiting discovery as odd-ω superconductors and that as odd-ω pairing is related to more observable properties it will grow in importance as a means to characterize and understand these systems.
